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P R E F A C E 
The concept of pure subgroups, neat subgroups, high 
subgroups, basic subgroups and d i v i s i b l e groups e t c . are 
qui te important notions and fundamental tools in abel ian 
group theory: As the abel ian groups are modules over r ing 
of i n t e g e r . Hence the problem of genera l iz ing these concepts 
and p r o p e r t i e s fo r var ious types of modules have been studied 
from time to t ime. In t h i s d i r ec t ion a number of mathematicians 
l i ke Kaplansky, L. Fuchs, P . G r i f f i t h , J .C . Robson, Marubayashi 
e t c . did tremendous work. The present d i s s e r a t i o n i s on the 
same con t inua t ion , i t i s na tura l to carry over the r e s u l t s of 
abel ian groups to the modules over a r b i t r a r y r i n g s . 
The main ob jec t of the present d i s s e r t a t i o n i s to study 
some groups t h e o r e t i c s t ruc tu res for a spec ia l type of modules. 
The presen t d i s s e r t a t i o n comprises of f ive chap te r s . 
In the f i r s t chapter we c o l l e c t some important de f in i t i ons and 
well known r e s u l t s which we need in the subsequent chap te r s . 
Here we a lso define some basic d e f i n i t i o n s and p rope r t i e s of 
S2-modules, h-pure , h-neat submodules, h - d i v i s i b l e and basic 
submodules. Some elementary r e s u l t s on these notions are 
given. 
In chapter I I , we discuss some of the basic r e s u l t s 
r e l a t e d in extending the ULM's theorem for groups to a special 
(ii) 
type of module. Firstly we prove the ULM's theorem and then 
we have extended this result for a module with lesser condition. 
In chapter III, the concept of fair module has been 
introduced and we have constructed a very useful example which 
shows that every module is not fair. Also we have shown that 
an S2-module M is either h-divisible or is a direct sum of 
uniserial modules of length n and n+l; Lastly we have 
further obtained a characterization of fair module and proved 
that, if M is an S2-inodule satisfying an extra condition; 
then M is a fair module if and only if M is either h-divisi-
ble or is a direct sum of uniserial modules of length n and 
n+l for some n. 
In chapter IV, we study a module with only one condition 
(called QTAG-module). Firstly we have done some elementary 
results on QTAG-module. The main purpose of this chapter is 
to see or to indicate, the results of S2-modules can be 
extended to QTAG-module. We have divided this chapter into 
three sections. The first section deals some basic results 
introduced by S. Singh. In the second section we have given 
some beautiful decomposition theorems. Towards application 
we have shown in the last section, if R be any ring such 
that R^ is a QTAG-module. Then any simple right R-module 
admits at most one predecessor. 
In chapter V, we discuss the concept of h-isotype 
submodules of QTAG-module and have shown that under what 
(iii) 
condition a submodule of QTAG-module is h-isotype, 
C. Megibben introduced the concept of Kernels of h-purity 
for abelian groups. We have also introduced the similar 
concept for QTAG-module in section 2, we got some nice 
characterizations for Kernels of h-purity for QTAG-module. 
CHAPTER * I 
PRELIMINARIES 
1*0 jQmQ^yCTIQN: 
In abellan groups, pure subgroups, neat subgroups, 
divisible subgroups and basic subgroups ate quite important 
notions. Most of these concepts have been generalized in 
[13, 14, 15, 16] and [20] for a special type of modules. 
The principal purpose of this introductory chapter is to 
recall some necessary definitions, notations and other 
background informations needed for the subsequent chapters. 
In section 1, some definitions and elementary properties of 
modules are given. In section 2, the elementary concepts 
and properties of S2-modules are given. In section 3, we 
have given some useful definition and results on h-pure and 
h-neat submodules as done in [13, 16, 2o]. In section 4, 
we have recalled some of the results of h-divisible and basic 
submodules from [14, 15]. 
1.1 SOME ELEMENTARY CONCEPTS FOR MODULES 
Throughout we shall consider right R-module M^, 
where R is an associative ring with identity, 
DEFINITION (1.1.1): A module Mj^  is called simple if M 
has no proper submodule* 
2 
DEFINITION ( 1 . 1 . 2 ) : Let MQ be a module, then the sum of 
a l l simple submodules of M i s called socle of M and i s 
denoted by Soc(M)• 
I t i s easy to see that for any subonodule K of M^ t^ 
Soc(K) « Kr\Soc(M) and Soc(Soc(M)) = Soc(M). 
PROPOSITION ( 1 . 1 . 3 ) : [ 5 , P. 121] . If \IA\ i s an 
indexed s e t of submodules of M with M = ® I M 
then Soc(M) • ® E Soc(MJ. 
DEFINITION (1.1.4): Let N be a submodule of Mj^  then N 
is called essential submodule of M if N H T ?^0 for every 
non-zero submodule T of M also M is called an essential 
extension of N. 
PROPOSITION (1.1.5): If N is an essential submodule of 
M then Soc(N) = Soc(M). 
DEFINITION (1.1.6): If N and K are submodules of a 
module M then N is called complement of K if N is 
maximal wi.th respect to the property NOK «= 0. A submodule 
T of M is called complement submodule if T is a comple-
ment of some submodule U of M. 
3 
PROPOSITION (1.1.7): Let Mj^  be a module and U <. V be 
submodules of M. Let K be a complement of U in M 
then every complement of KflV in K is a complement of 
V in M. 
PROPOSITION (1.1.8): [l, P. 15]. If N is a submodule of 
M and K is any complement of N in M then there exists 
a complement Q of K in M such that N <, Q. Furthermore, 
any such Q is a maximal essential extension of N in M. 
DEFINITION (1.1.9): A module IK^ is called uniform if 
intersection of any two of its non-zero submodules is non-
zero. 
DEFINITION (1.1.10): [l. P. 15]. A submodule N of M 
is called closed in M if N has no proper essential 
extension in M. 
PROPOSITION (1.1.11): [l. P. 16]. The closed submodules of 
a module M coincide with the complement submodules of M. 
Furthermore, if N and K are complement submodules and if 
K is a complement of N in M then N is a complement of 
4 
K in M. 
DEFINITION ( 1 . 1 . 1 2 ) : Let M be a non-zero module, 
Then a f i n i t e chain of submodules of M 
M = M^  > M, > Mo > > *^ n * 0 
0 1 ^ n 
is called a composition seriese of length n for M, 
provided lA^^^/lA^ is simple (i = 1, 2, , , n). 
If M is a module and its length is n then we write 
d(M) = n. 
DEFINITION (1.1.13): Let N be a submodule of Mj^  then 
yrg R/xr = 0 for every x€ Nf is called annihilator of N 
is denoted by ann(N). 
DEFINITION (1.1.14): A module lA^ is called uniserial if 
it has a unique composition series of finite length. 
PROPOSITION (1.1.15): [21, Lemma l.l]. Let x be any 
uniserial module over a right artinian ring S and let 
X = x^ > x^ > > X = 0 be its unique composition 
series. If for any i with 0 £ i £ n-1, P^ = ann( x^^/x.^,), 
5 
then x^?^ = %^^^ 
DEFINITION (1.1.16): A submodule N of M is called 
absolute direct summand of M if for every complement 
K of N in M, M = N @ K. 
DEFINITION (1.1.17): A module M^ is called injective 
if given any diagram 
.> A ^ ^ B 
9 
M 
of R-modules with exac t row, i t i s always possible to find 
an R-homomorphism h : B > M such t h a t g = hf. 
DEFINITION ( 1 . 1 . 1 8 ) : A module M i s said to be quasi 
in j ec t ive in case each homomorphism of any submodule N 
into M can be extended to a homomorphism of M into M. 
DEFINITION ( 1 . 1 . 1 9 ) : A module Mj^  i s ca l led projec t ive if 
6 
given any diagram 
M 
9 
-> B •> 0 
of R-modules with exact row, i t i s always possible to find 
an R-homomorphism h : M ——> A such that fh =* g. 
DEFINITION ( 1 . 1 . 2 0 ) : A module M i s cal led quasi projective 
i f a homomorphism of M into any submodule N of M can be 
extended to a homomorphism of M into M. 
DEFINITION ( 1 . 1 . 2 1 ) : A commutative diagram 
JL 
•> B 
i . e . cjop = Yoa 
•> C 
is called pull back diagram* if for every pair of morphism 
f : X > A, g : X > B such that the diagram 
7 
•> B 
A 
is commutative 
•> C 
(i.e. oog = yof) then there exists a unique morphism 
T| : X — • > P such that 
X — 3 — > P —SL-> A = X — ' — > A and 
•3—> P — 2 — > B = X — 2 — > B 
DEFINITION (1 .1 .22 ) : A commutative diagram 
•> B 
( i . e . oop = Yoa) 
•> Q 
is called push-out diagram, if every pair of morphism 
f : A > Y, g : B > Y such that the diagram 
C L_>B 
A •> Y 
8 
is commutative. Then there exists a unique morphism 
Ti : Q — — > Y such that 
A —^ > Q — 2 > Y« A — ' > Y 
B — 2 > Q — 2 > Y= B — a > Y 
DEFINITION (1.1.23): A module Mj^  is called divisible if 
MC = M for all regular elements C^R. 
PROPOSITION (1.1.24): [5, P. 206]. Every module Mj^  
can be embedded in an injective right R-module. 
DEFINITION (1.1.25): The minimal injective right R-module 
E containing **« is called injective invelope of M and 
is denoted by £(M)• 
REMARK (1.1.26): If E is injective envelope of M then 
Soc(M) = Soc(E). 
REMARK (1.1.27): Every injective module is divisible. 
DEFINITION (1.1.28): A ring R is called right (left) 
hereditary if every right (left) ideal is projective. 
9 
DEFINITION (1.1.29): A ring R is called hereditary if 
it is both right as well as left hereditary. 
EXAMPLE (1.1.30): (i) The ring of integers is a hereditary 
ring. 
(ii) Any principal ideal domain is a herediatry ring. 
DEFINITION (1.1.31): A ring R is called prime ring if 
(0) is a prime ideal. 
DEFINITION (1.1.32): A ring R is called right Noetherian 
(Artinian) if every ascending (descending) chain of right 
ideals becomes stationary after a finite number of steps. 
DEFINITION (1.1.33): A noetherian ring which has exactly 
one maximal ideal is called local ring. 
DEFINITION (1.1.34): A ring R with unity in which all 
non-zero elements form a group under multiplication is 
called division ring. 
DEFINITION (1.1.35): A prime ring which is a right hereditary, 
left hereditary, right noetherian and left noetherian is called 
10 
(hnp)- r i n g . 
DEFINITION ( i a . 3 6 ) : A r ing R i s ca l l ed r i g h t ( l e f t ) 
bounded i f each of i t s e s s e n t i a l r ight ( l e f t ) ideal contains 
a non-zero two s ided i d e a l . 
DEFINITION ( 1 . 1 . 3 7 ) : [ 3 ] A hereditary noetherian prime 
ring R with no proper idempotent two s ided i d e a l e s i s 
c a l l e d dedekin^ prime r i n g . 
DEFINITION ( 1 . 1 . 3 8 ) : [4 ] A ring R i s c a l l e d s e r i a l i f 
i t s r i g h t and l e f t modules are d i r e c t sum of u n i s e r i a l 
modules; e q u i v a l e n t l y , a r ing R i s s e r i a l i f i t s a t i s f i e s 
minimum condi t ion on both s i d e s and for every pr imit ive 
idempotent e of R the r i g h t ( l e f t ) idea l eR(Re) has 
unique composition s e r i e s . 
Some authors c a l l these r ings as genera l i zed u n i s e r i a l . 
PROPOSITION ( 1 . 1 . 3 9 ) : [ 4 . Theorem 1 7 ] , Let R be a 
genera l i zed u n i s e r i a l r i n g , then every R-module i s a d i r e c t 
sum of u n i s e r i a l modules. 
II 
PROPOSITION ( 1 . 1 . 4 0 ) : [4 , Cor. 3 . 2 ] . Every factor r ing 
of an (hnp)- r ing is general ized u n i s e r i a l . 
PROPOSITION ( 1 . 1 . 4 1 ) : [19, Cor. 4 ] . Let M be a d iv i s ib l e 
module over a bounded (hnp)- r ing R, then M is i n f ec t i ve . 
Thus over (hnp)- r i ng , d i v i s i b l e module and in jec t ive 
module are equ iva l en t . 
DEFINITION ( 1 . 1 . 4 2 ) : In a r i g h t R-module M, an element x 
is said to be a to r s ion element if xa = 0 for some regular 
element a of R; a module whose every element i s a torsion 
element, i s ca l led to r s ion module. 
PROPOSITION ( 1 . 1 . 4 3 ) : [19, Lemma 1 , 2 ] . Let R be a bounded 
(hnp)- r i n g , then the following hold. 
(a) Every f i n i t e l y generated tors ion R-module i s a d i r e c t 
sum of f i n i t e l y many u n i s e r i a l modules. 
(b) Any uniform tors ion R-module i s e i t h e r of f i n i t e length 
and u n i s e r i a l or i s in jec t ive and of i n f i n i t e l eng th . 
(c) Let U and V be two uniform, to rs ion r i g h t R-modules 
and b(^ 0)6.U. If f : bR > V is a non-zero 
R-homomorphisra and d(U/bR) <, d(V/f(bR)) , then f can be 
extended to an R-homomorphism g : U > V and 
u/bR ^g (U) /g (bR) . 
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(d) Any non-zero homomorphlc image of a uniform t o r s i o n 
R-module i s un i fo rm. 
DEFINITION ( 1 . 1 . 4 4 ) : [ 1 9 , P . 8 6 8 ] . Let Mj^  be a t o r s i o n 
module over a bounded ( h n p ) - r i n g R, then an e lement 
x(i^ 0) of M i s c a l l e d uniform if xR i s a uniform R-module. 
DEFINITION ( 1 . 1 . 4 5 ) : [ 1 9 , P . 8 6 8 ] . Le t Mj^  be a t o r s i o n 
module over a bounded ( h n p ) - r i n g R, then a uniform element 
xeM i s c a l l e d of exponent n (denoted by e ( x ) ) i f 
d(xR) = n , and Sup | d (yR/xR) ( , where yR runs over 
uniform submodules of M c o n t a i n i n g x, i s c a l l e d the 
h e i g h t of x and i s denoted by Hj^ ( x) ( o r simply H ( x ) ) . 
DEFINITION ( 1 . 1 . 4 6 ) : Le t Mj^  be a t o r s i o n module over a 
bounded ( h n p ) - r i n g R, then M i s c a l l e d bounded i f t h e r e 
e x i s t s a p o s i t i v e i n t e g e r k such t h a t H(x) <, k fo r a l l 
uniform e l emen t s x 6 M . 
PROPOSITION ( 1 . 1 . 4 7 ) : [ l 9 . Lemma 3 ] . Le t M be a t o r s i o n 
R-module and Bj^jB2, ,B^ ; Aj^,A2» ,A be 
f i n i t e l y many f i n i t e l e n g t h uniform submodules of M such tha t 
13 
m m n n 
Then 
III lU li M 
E A. = @ E A. and E B. = 0 Z B.. 
L=l ^ i=l ^ j=l J j=l J 
(i) Every B^ is isomorphic to a submodule of some A. 
under the natural projection. 
(ii) For any i, A^ is a homomorphic image of some B^. 
PROPOSITION (1.1.48): [19, Lemma 4]. Let M be a torsion 
module over a bounded (hnp)- ring R and x,,X2, fX 
be finitely many uniform elements of M such that for some 
non-negative integer k, H(xj) 2, ^ ^^r all i. Then for 
every uniform element x of M in E x.R, H(x) 2. ^* 
DEFINITION (1.1.49): [19, P. 870]. Let Mj^  be a torsion 
module over a bounded (hnp)- ring R, then H^(M) will denote 
the submodule of M generated by all those uniform elements 
of M, which are of height at least k. 
PROPOSITION (1.1.50): [l9. Lemma 5]. If M = U^ © U2 0 ...® U, 
is a torsion module over a bounded (hnp)- ring R, where each 
U^ is uniserial, then for any uniform element x of M, 
H(x) < max d(U^) - 1 and e( x) < max d(d(U^)). 
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PROPOSITION (1.1.51): [19, Lenuna 6]. If M = A + B is 
a torsion module over a bounded (hnp)- ring R, then for any 
non-negative integer k, H,^ (M) = Hj^ (A) + H^(B). 
PROPOSITION (1.1.52): [19, Theo. 3]. Let Mj^  be a torsion 
module over a bounded (hnp)- ring R, then M is a direct 
sum of uniserial modules (hence cyclic) if and only if M 
is a union of ascending sequence M (n = 1, 2, ) of 
submodules such that for each n, there exists a positive 
integer k , such that H(x) ^  k for all uniform, elements 
X of M^. 
PROPOSITION (1.1.53): [19, Cor. l]. If Mj^  is a torsion 
module over a bounded (hnp)- ring R and P is its socle 
then M is a direct sum of uniserial modules if and only if 
P is a union of an ascending sequence P^Cn = 1,2, ) 
of submodules such that for each n, there exists a positive 
integer k^ such that H( x) _< k for every uniform element 
X of P^. 
n 
15 
1.2 S2-M0DULE 
DEFINITION (1.2.1): Let R be an associative ring with 
identity 1 ji^  0; Then an unital right R-module M is 
called an S2-inodule if it satisfies the following two 
conditions: 
(I) Every finitely generated submodule of every homomorphic 
image of M is a direct sum of uniserial modules. 
(II) Given any two uniserial submodules U and V of a 
homomorphic image of M, for any submodule W of U, any 
non-zero homomorphism f : W — > V can be extended to a 
homomorphism g : U — > V provided the composition length 
d(U/W) < d(V/f(W)). 
These modules are also called TAG-modules in [9]. 
REMARK (1.2.2): The proposition (1.1.53) and (1.1.54) 
have been carried over for S2-iBodules in [20]. 
PROPOSITION (1.2.3): [20, Corollary l]. Any bounded 
S2-module is a direct sum of uniserial modules. 
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PROPOSITION ( 1 . 2 . 4 ) : [20 , Theorem 2 ] . Let M be an 
S2*-niodule and N be a submodule of M such tha t N i s a 
d i r e c t sum of u n i s e r i a l module of same length k. Then the 
following are equ iva len t . 
(a) N i s a d i r e c t sum of M. 
(b) H (^M) = NHH^CM) for a l l n . 
(c) N s a t i s f i e s H ^ ( M ) n N = 0 . 
PROPOSITION ( 1 . 2 . 5 ) : [20, Theorem 3 ] . Let M be an 
S2-n)odule. If a submodule N of M i s bounded and s a t i s f i e s 
H (^M) as NnH^(M) for a l l n, then N i s a summand of M. 
n n 
DEFINITION ( 1 . 2 . 6 ) : If M i s an Sg-module, then M i s 
ca l led decomposable i f M i s a d i r e c t sum of u n i s e r i a l 
submodules. 
DEFINITION ( 1 . 2 . 7 ) : If M i s an Sg-raodule, then M is 
ca l led indecomposable if 0 and M are i t s only d i r e c t 
summands. 
The following theorem i s the genera l i za t ion of a 
well known r e s u l t of abel ian group. 
1? 
THEOREM (1.2.8): If N is a submodule of a decomposable 
S2-inodule M, then N is also decomposable. 
THEOF^ EM (1.2.9): If N is a decomposable submodule of an 
S2-module M such that M/N is bounded, then M is 
decomposable. 
COROLLARY (1.2.10): If M is an Sg-module and k is a 
positive integer, then M is decomposable if and only if 
Hj^ (M) is decomposable. 
LEMMA (1.2,11): Let K be the submodule of an S2-roodule M, 
then HJ^(M/K) = (H^(M) + K)/K for all n. 
1.3 h~PURE AND h-NEAT SUBMODULES 
DEFINITION (1.3.1): [20]. A submodule N of an S2-module 
M is called h-pure if Hj^ (N) = NnHj^(M) for all non-
negative integer n. 
DEFINITION (1.3.2): [7]. If M is an S2-module and N 
is a submodule of M, then N is called centre of h-purity 
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i f every complement of N i s h->pure in M. 
DEFINITION ( 1 . 3 , 3 ) : Let M be an S2-module and N be a 
submodule of M then for any integer k ^ 0 , we define 
H (N) to be the submodule of M generated by those uniform 
elements x£M, for which the elements x = x4N in MA) has 
exponent ^ Ic. 
I , 
In other words H (N) i s a submodule generated by 
those uniform elements x for which d(}dl/xRnN) < k i . e . 
there e x i s t s a t l e a s t . a uniform element y^xRHN such that 
d(xR/yR) ^ k. 
DEFINITION ( 1 . 3 . 4 ) : An Sj-module M with M ^  Hj(M), i s 
said to be of horizontal exponent n if H '^^ CO) 1 Hj(M) 
but H " ( 0 ) ^ H J ( M ) , symbolically we write h(M) « n. 
DEFINITION ( 1 . 3 . 5 ) : An Sj-module M i s said to be an 
elementary module of exponent n i f h(M) « n and H'^(O) « M. 
PROPOSITION ( 1 . 3 . 6 ) : If M i s an Sg-module and K i s a 
submodule of M. If M and K are both elementary modules 
of exponent n(n ^ 2) and if H""^(0) « H^(M) = N ( 3 H J ( K ) 
19 
where N is an elementary module of exponent n-1, then 
exists an elementary submodule N of exponent n such 
that M = N' ® K, N'QN. 
PROPOSITION (1.3.7): [20, Lemma l]. l,et x be a uniform 
element in Soc(M) such that H(x) is finite. If u£M 
is a uniform element such that x6uR and d(uR/xR) = H(x) 
then uR is a summand of M. 
PROPOSITION (1.3.8): [20, Lemma 2], Let N be a submodule 
of an S2-module M then the following hold: 
(i) If N is h-pure in M, given any uniform element 
X £ M / N there exists a uniform element x G:M such 
— • •• .' 
that e(x) = e(x ) and x = x . 
(ii) If N is h-pure in K and K is h-pure in M then 
N is h-pure in M. 
(iii) If N is h-pure in M then for any submodule K of 
N, N/K is h-pure in M/K. 
(iv) If K is h-pure submodule of M such that K ^ N and 
N/K is h-pure in M/K, then N is h-pure M. 
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PROPOSITION (1.3.9): [20, Lemma 3]. Let every uniform 
element in Socle(M) be of infinite height. Then given any 
uniform element x^M, there exists a uniform element y€M 
such that x£yR and e(x) < e(y). 
PROPOSITION (1.3.10): [20, Theorem 4]. Let M be an 
S2-module. If every uniform element in Soc(M) is of 
infinite height, then M is a direct sum of infinite length 
uniform subrodoules. 
PROPOSITION (1.3.11): [20, Theorem 5]. Let M be an 
Sj-module, then M has uniform summand which can be chosen 
to be of finite length in case not all uniform elements in 
Soc(M) are of infinite height. 
PROPOSITION (1.3.12): [21]. Let M be an S2-module. 
If M/SOC(M) is a direct sum of uniserial modules then 
so is M. 
DEFINITION (1.3.13): If M is an S2-module, then a 
submodule N of M is called h-neat if and only if 
H^(N) = NnHj(M). 
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DEFINITION ( 1 . 3 . 1 4 ) : Le t M be an S2-moclule. If N i s 
an h - n e a t submodule of M, then h^/K i s h - n e a t in M / K . 
DEFINITION ( 1 . 3 . 1 5 ) : L e t M be an S2-inodule. If K i s 
h - n e a t in M and N/K i s h - n e a t in M / K , then N i s 
h - n e a t in M, 
PROPOSITION ( 1 . 3 . 1 6 ) : Le t M be an S2-module. Then fo r 
any uniform e lement x £ M . xR i s h - n e a t in M i f and on ly 
if Hj^ (^x) = 0 . 
PROPOSITION ( 1 . 3 . 1 7 ) : [ l 3 . Theorem 3 ] . A submodule N of 
an S2-module M i s h - n e a t i f and only if N has no proper 
e s s e n t i a l e x t e n s i o n M. 
PROPOSITION ( 1 . 3 . 1 8 ) : [ 1 3 , Cor . 4 ] . If M i s an S2-module, 
then h - n e a t submodules of M co inc ide with complement s u b -
modules. 
DEFINITION ( 1 . 3 . 1 9 ) : I f M i s an S2-module and N i s a 
submodule of M, then a minimal h - h e a t submodule of M 
c o n t a i n i n g N, i s c a l l e d h - n e a t h u l l of N. 
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LEMMA ( 1 . 3 . 2 0 ) : If M i s an S2-module and N i s a h - n e a t 
submodule of M wi th Soc(N) = Soc(M), then N = M. 
LEMMA ( 1 . 3 . 2 1 ) : I f M i s an S2-module and N i s an h - n e a t 
submodule of M such t h a t SOC(N) 0 Soc(T) = Soc(M), then 
N i s a complement of T. 
1.4 h-DIVISIBLE AND BASIC SUBMODULE 
In t h i s s e c t i o n we r e c a l l some d e f i n i t i o n s and 
p r o p e r t i e s of h - d i v i s i b l e submodules for S2-modules as 
i n t roduced by M. Zuba i r Khan [ 1 4 ] . 
DEFINITION ( 1 . 4 . 1 ) : [ l 4 ] . Le t M be an S2-module then M 
i s c a l l e d h - d i v i s i b l e i f Hj^ (M) = M. 
REMARK ( 1 . 4 . 2 ) : An S2-module M i s h - d i v i s i b l e i f and on ly 
i f eve ry uniform e lement of M i s of i n f i n i t e h e i g h t . 
PROPOSITION ( 1 . 4 . 3 ) : [ l 4 , Lemma l ] . Let M be an S2-module 
and M = 0 ^^n* ^*^®" ^ ®^ h - d i v i s i b l e if and only i f each 
M^ i s h - d i v i s i b l e . 
a 
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PROPOSITION ( 1 . 4 . 4 ) : [ 1 4 , Lemma 2 ] , Let A^ be an 
S2-module, then M i s h - d i v i s i b l e i f and only i f every 
uniform e lement of Soc(M) i s of i n f i n i t e h e i g h t . 
THEOREM ( 1 . 4 . 5 ) : [ 1 4 , Theorem 3 ] . If M i s an S2-inodule, 
then M i s h - d i v i s i b l e i f and only i f M i s a d i r e c t sum 
of i n f i n i t e l e n g t h uniform submodules. 
PROPOSITION ( 1 . 4 . 6 ) : [ l 4 , Theorem 4 ] . Le t M be an S2-module 
and N be an h - d i v i s i b l e submodule of M, then N i s a d i r e c t 
summand of M. 
DEFINITION ( 1 . 4 . 7 ) : An S2-module M i s c a l l e d h-reduced 
if {o\ i s the on ly h - d i v i s i b l e siubmodule of M. 
THEOREM ( 1 . 4 . 8 ) : I f M i s an S2-module, then M = D 0 H 
where D i s the h - d i v i s i b l e p a r t of M and H i s r educed . 
DEFINITION ( 1 . 4 . 9 ) : A submodule N of an S2-inodule M i s 
c a l l e d h -dense iff M/N i s h - d i v i s i b l e . 
THEOREM ( 1 . 4 . 1 0 ) : I f M i s an S2-module then N i s 
h-dense in M i f and only if M = N + H^(M) f o r a l l n . 
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DEFINITION (1.4.H): If M is an S2-moduIe, a submodule 
of SOC(M) is called a subsocle of M. 
DEFINITION (1.4.12): A subsocle S of an S2-module M is 
said to support a submodule N of M if and only if 
Soc(N) = S. 
DEFINITION (1.4.13): If M is an S2-module and SQSoc(M) 
is a subsocle of M, then S is called h-dense subsocle of 
M if and only if Soc(M) = S + Soc(H,^(M)) for all k. 
DEFINITION (1.4.14): [15], Let M be an S2-module. 
A submodule B of M is called a basic submodule of M 
if the following hold: 
(i) B is a direct sum of uniserial modules, (i.e. B is 
decomposable) 
(ii) B is h-pure in M. 
( i i i ) M/B i s h - d i v i s i b l e 
THEOREM ( 1 . 4 . 1 5 ) : [ l 5 . Theorem l ] . Let M be an S2-module 
then M p o s s e s s e s a b a s i c submodule. 
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THEOREM ( 1 . 4 , 1 6 ) : [ l 5 . Theorem 5 ] . If M i s an S2-module 
then any two b a s i c submodules are i somorph ic . 
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CHAPTER - I I 
ON ULM'S THEOREM 
2 , 0 INTRODUCTION; 
The s tudy of S2-inodules was i n i t i a t e d by Singh 
in [20] and l a t e r , t h i s s tudy was con t inued in [ 2 3 ] . An 
o t h e r c o n d i t i o n f o r S2-»nodul€f was i n t roduced in [ 2 l ] , Any 
t o r s i o n module over a bounded ( h n p ) - r i n g s a t i s f i e s the 
new c o n d i t i o n g iven as i n [ 2 1 ] , A number of wel l known 
decompos i t ion theorems f o r a b e l i a n groups have a l r e a d y been 
extended to modules s a t i s f y i n g some of these c o n d i t i o n s . 
We f i r s t l y g ive some g e n e r a l p r o p e r t i e s of such modules , 
which we b e l i e v e a r e of g e n e r a l i n t e r e s t , Ulm's theorem 
[ 1 2 , Theorem 37 ,1 ] concern ing the isomorphism of two 
coun t ab l e reduced p -g roups having the same Ulm type and 
isomorphic Ulm f a c t o r s , in one of the most famous theorems 
in a b e l i a n group t h e o r y . 
F i n a l l y we g ive an e x t e n s i o n of t h i s theorem to 
S2-modules s a t i s f y i a g the c o n d i t i o n ( I I I ) . The proof i s 
adopted from [ 1 2 ] , The proofs of some of the r e s u l t s a re 
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given whi le a number of r e s u l t s are j u s t s t a t e d wi thou t 
p r o o f s . 
2 . 1 SOME BASIC RESULTS 
Throughout Mp i s a non-zero S2-niodule s a t i s f y i n g 
the fo l lowing c o n d i t i o n : 
( I I I ) . For any f i n i t e l y gene ra t ed submodules N of M, 
R/ann(N) i s r i g h t a r t i n i a n . 
For any x ^ 0 in M, de f ine he igh t 
R.( x) = min ]H|U,(Z) : z i s any uniform element of xR t . 
t 
Because of c o n d i t i o n ( I ) xR = S x.R f o r uniform e lements 
i « l ^ 
Xjj. Using p r o p o s i t i o n ( 1 . 1 . 4 8 ) we g e t 
Hj^(x) = m i n | H ( x ^ ) / 1 <. i < t | . Put H^(0) = « . Now 
state the following: 
PROPOSITION (2.1.1): [l6. Lemma (A)]. Let M be an 
S2-module satisfying condition (III) and N be a uniform 
submodule of M having N = N > N, > N^ > > N. = 0 
as its unique composition series. If for 0 <. i ^  t-1, 
?^ = ann(N^/N^^j^) then N^ P^^ ^ = N^^j^. 
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LEMMA ( 2 . 1 . 2 ) : For any x ^0 in M 
t 
( i ) If xR = E X|R, where Xi are uniform elements. 
i= l ^ ^ 
then H(x) = min | H ( X J ^ ) / i 1 i jC t j 
( i i ) H(x) 2 n if and only if x£H^(M) 
( i i i ) For any x,y in M, H( x+y) ^ m i n | H ( x ) , H(y) I . 
Fur the r , if H ( x ) > H ( y ) , then H(x+y) = m i n J H ( x ) , H(y)] 
LEMMA ( 2 . 1 , 3 ) : For any f i n i t e l y many uniform elements 
x^fXg, ,x^, y|^,y2f fV^ in M if 
m 1 x,R = (^Z YiR, then m < n . 
i=l ^ i=l J 
LEMMA (2.1.4): For any submodule N of M if x + N 
is uniform in M/N, then there exists a uniform element 
Y£M such that x + N = y + N. 
PROOF; Follows from condition (I). 
LEMMA (2.1.5): [22]. Let x(^0)€M. For any y ^ O 
in Hj^(xR), H(y) > H( x) . 
PROOF; Since the proof of proposition 1.1.51 works for 
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Mj^, if xR = 0 E x.R where x. are uniform, 
H^(xR) =E Hj^ (xj^ R). For any uniform element y in M, 
yR is uniserial and d(yR/Hj^(yR)) = 1. This gives that 
for any z(^0) in Hj^(yR), H(z) 2 H( y) + 1. Hence the 
result follows. 
LEMMA (2.1.6): If. x and y are two uniform elements of 
M, such that xR is simple but yR is not simple, and 
X + y is uniform, then (x+y)R caJyR, further if x^yR 
then (x+y)R = yR. 
PROPOSITION (2.1.7): [15, Theorem 2]. Let M be an 
S2-module and B be a submodule of M such that 
oo 
B = 0 E B_, where B„ is a direct sum of uniserial 
n=l " " 
modules each of length n. Then B is a basic submodule 
of M, if and only if 
M = (B1+B2+ +B^) 0 ( B * + H^(M)) 
where 
B* = E B.. 
" i>n ^ 
If N = 0 E A- is a direct, sum of non-zero uniform 
submodules of M such that N is an essential submodule of 
0 
M, define rank (M) = Cardinality |A 1 of A • If 
P = Socle(M), rank(P) = rank(M). 
OQ 
PROPOSITION (2.1.8): If B = @ E B. be a basic submodules 
k=l ^ 
of M, where each Bj^  i s a d i r e c t sum of u n i s e r i a l modules 
each of l e n g t h k. Then P ^^/P^ Caf Socle(B^) fo r e v e r y n . 
F u r t h e r rank(B ) 2. r ank of any summand k of M, which i s 
d i r e c t sum of u n i s e r i a l modules of l eng th n . 
n • 
PROOF: Le t C„ = © E B . , B_ = © E B , . By p r o p o s i t i o n 
" i = l ^ " i>n ^ 
2 . 1 . 7 M = C ^ 0 (B* + Hj^(M)) and H^(M)C(B* + H^(M)). 
Le t f: M —•> C„ be p r o j e c t i o n wi th ke rna l B^ + H^(M) . 
*- n n n 
Take ^G^^-l* ^®^ ^ ~ ""*"^ » " ^ ^ n ' ^ ^ ^ n "'" '^n^'^^' ^ ° ^ 
H(v) 2 " • Thus X £ ke rg i f and only i f 
X = v e ( B ; -H H „ ( M ) ) n P „ . i = P „ . Hence P n - i / P n ^ ^ V P ' 
However any e lement in Socle(C ) has h e i g h t n -1 i f and 
only i f i t i s non -ze ro and i s in B . So f (P ,) = Socle(B ) 
This g i v e s P n « i / P n ^ S o c l e ( B ^ ) . Any two b a s i c submodules of 
M a r e isomorphic by theorem 1.4.16 and any summand K of 
M which i s bounded i s a sunmiand of some b a s i c submodule of 
M. Using t h e s e the second p a r t i s immediate . 
«i 1 
We denote M as the submodule of M generated by 
the uniform elements of height infinity. 
LEMMA (2.1.9): Rank (P^-l/^n^ ®^ greater than or equal to 
the rank of any suramand of M/M , wrtiich is a direct sum of 
uniserial modules of length n. 
PROOF: In the notation of above proposition 
M = C^® (B* + H^(M)). Clearly M ^ Q B * + H^(M) . This 
gives B^ cs^ s" = (B^ + M )/M^  and S^ is a summand of 
n n n n 
M/M^. On similar lines as for p-group B^I = (B + M-^)/M^ 
and § is a basic submodule of M = M/M . Thus 
P^ _j^ /P^ £i:^ Socle iB^) and the result follows from above 
proposition. 
We give the idea of Ulm factors etc. For any ordinal 
a, define submodule M** of M as follows. Put M*' = M, 
M = (^  H (M). Suppose for some ordinal a# we have 
n 
defined M^ for all p < a. If a is a limit ordinal 
put M" = n M^. If a = p+1, put M" = (M^) = n H (M^ . 
P<ot W " 
If there is a least ordinal T such that M = M . Then T. 
is called Ulm type of M. The modules M^ = M"/M"'*"^= M"/(M°') 
0 2 
are known as Ulm factors of M. 
LEMMA (2,1.10): Let K be any submodule of M contained 
in M . For any uniform element x^M, H(x) = Hrr (x) , where 
M = M/K, X = xfK. 
M is h-reduced if and only if f)lA^ = 0, Let M 
a 
be of Ulm type-Cand be h- reduced then M = 0 . Consider 
any x j ^ 0 in M. There e x i s t s an o r d i n a l a < Z. such t h a t 
xGM^ bu t X ^ M** so H (x) = n , a non-nega t ive i n t e g e r , 
^ M** 
As in [ l , P . 124] d e f i n e g e n e r a l i z e d h e i g h t of x as 
GH(x) = ( a , n ) . Define GH(0) = « and put GH( x) < GH(0) 
fo r e v e r y x ^ O in M. We denote ( a , n ) < (p,m) i f a < p 
or a = p and n < m. 
LEMMA ( 2 . 1 . 1 1 ) : Le t M be h - r e d u c e d . Then fo r any 
x , y ^ M , 
( i ) GH(x+y) 2 min (GH(x), GH(y)) 
( i i ) I f GH(x) ^ GH(y) then GH( x+y) = min fGH( x) , GH(y)) 
( i i i ) I f M = A © B . Then f o r any a ^ A , b e B , 
GH(a+b) = min | GH( a) , G H ( b ) | . 
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( iv) If xR = © E x^R then GH( x) = min (GH( x^) j . 
We now gene ra l i ze the Ulm*s theorem. 
THEOREM ( 2 . 1 . 1 2 ) : Let M and N be two countably 
h-reduced S2~(nodules sa t i s fy ing condition ( I I I ) over a 
r ing R. Let for any f i n i t e l y generated submodule U of 
M or N, the s e t [ G H ( X ) / X £ U J be f i n i t e . Then M and N 
are isomorphic if and only if they have same Ulm type z. and 
for each ordinal a(0 < a < t.) the Ulm fac tors M„ and N„ 
"~ •" (X a 
are isomorphic. 
The result follows from the following: 
LEMMA (2.1.13): Let M and N be two R-modules satisfying 
the hypothesis of the above theorem. Let M and N have 
the same Ulm type that lAJ^H^ for all ordinals a. Let 
U be a finitely generated submodule of M and (|) be a 
generalized height preserving isomorphism of U into a 
submodule V of N. If a ^ M such that a^U, then ^ 
can be extended to a generalized height preserving isomorphism 
t 
of U + aR onto some submodule V of N containing V. 
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REMARK (2.1,14): If M is an abelian p-group given any 
finitely generated subgroup U, it is finite, so the set 
|j3H(u)/u€UJ is finite. It is not clear whether this is 
true in case of a general Sj-module satisfying condition (III). 
This is true for a uniserial module. 
2.2 AN EXTENSION OF ULM'S THEOREM 
In [23], Singh and Ansari continue the study of the 
properties of an S2-module satisfying condition (III) based 
on an extension of the notion of height of an element from 
abelian groups to S2-module satisfying (III). We have 
discussed the Ulm factors and Ulm type of a module, h-reduced 
modules and generalized height, GH(x) of an element x6M in 
2.1. In extending the ULM*s theorem for an S2-module satis-
fying condition (III). The following hypothesis has been 
taken in the statement of the ULM's theorems extension. 
Hence we show that this condition is irredundant. The 
condition is: 
( * ) For any finitely generated submodule U of M or N, 
the set [GH(U): uGuj is finite. 
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PROPOSITION (2.2.1): Let M^ ^ be an h-reduced S2.module 
satisfying condition (III). Then for any finitely generated 
submodule U of M, JGH(U) : U € U ? is finite. 
PROOF; By condition (III), U is a finitely generated 
module over the right artirian ring R/ann JJ . Hence U 
is artinian and noetherian. We now proceed by induction 
on the composition length of U, d(u). 
If U is simple, say U = uR, then GH(u) = GH(ur) 
for all ur ?^  0 and GH(0) = «. Hence 'JGH(u) : u €UJ is 
finite. 
Now assume the result is true for any finitely 
generated submodule of M with composition length less 
than t. Suppose that Ur. <, M^ has d(u) = t. By (I), 
n 
U = 0 x.R where each x. i s uniform. There are two 
i=l ^ ^ 
p o s s i b i l i t i e s : e i t h e r n = 1 and U is a uniform 
( u n i s e r i a l ) submodule of composition length t , or n > 1. 
the f i r s t case mentioned in the remark 2 .1 .14 . Indeed, if 
U = uR i s u n i s e r i a l , say uR = u,R > U2R > > ^f+i^ - 0 
with simple f ac to r s "if^/^i+T ^» 
| G H ( U ) : U G U ? = (GH(UJ^) / 1 <. i £ t | and so is f i n i t e . 
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In the second case, by induction assumption, 
n 
I 
i= 
linearly ordered (for we say (a,n) < (p,m) if a < p 
U j GH(xj^ r)/r ^ R j is finite. Its elements can be 
or a = p and n < m) . Say (o,,n,) is the minimal 
element. Any uGU can be written 
u = x,r. -•- X2r2 + + x r for some x^eR and by 
Lemma 2.1,11, GH(u) ^ rain |GH(xj^ rj^ ) V >, (aj^ .n^ )^. 
C e r t a i n l y , t h e r e e x i s t s 0 ^ u , £ U such t h a t 
GH(uj^) = ( a j , n j ^ ) . L e t U^^ = | u 6 U : GH(u) > (a^ n ^ ) j . 
U, is a proper submodule of U so has shorter composition 
length. By the induction assumption, [GH(V) : veu^j is 
finite. Clearly, |GH(U) : ueu\Uj, ] = j(a^,n^) | . 
Hence JGH(u) : u e u | = lGH(v) : v g U ^ j U | G H ( U ) : u 6 u \ u ^ j 
i s f i n i t e . 
Hence the ULM's theorem can be r e s t a t e d as 
THEOREM ( 2 . 2 . 2 ) : Le t M and N be two coun tab ly gene ra t ed 
h- reduced S2-module s a t i s f y i n g c o n d i t i o n ( I I I ) . Then M and 
N a re i somorphic i f and only i f they have same Ulm type 'C 
and f o r each o r d i n a l a (O <, a <.tl) the Ulm f a c t o r s M 
and N_ are i s o m o r p h i c . a 
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I t has been fu r the r proved tha t the ULM's theorem 
hold for S2-rnodule. 
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CHAPTER » III 
FAIR MODULES 
3.0 INTRODUCTION: 
h-neat submodules, as a substructure have been studied 
in [13]. From the definition of h-neat submodules it is 
evident that every h-pure submodule is h-neat. Some mathema-
ticians like Kertesz, Szele, Fuchs have tried to classify the 
groups in which both concepts coincide. Recently in [11], 
K. Simauti has classified the abelian groups in which every 
neat subgroup is pure. Analogous to this, we focus our 
attention on the very natural and interesting question. 
What are those modules in which every h-neat submodule is 
h-pure ? We call such modules as fair module. The main 
purpose of this chapter is to consider this question and 
we have given the structure of the modules where every h-neat 
submodules is h-pure. In section 3.1, an interesting example 
has been constructed to show that every S^-module does not 
possess this property. In section 3.2, some of the very 
fundamental and basic results on such modules have been proved. 
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For instance, it has been shown that if M is a fair 
S2'-Biodule then every h-neat submodule of M is also a 
fair module proposition 3.2.1. It is further proved that 
if Sg-module M is either h-divisible or is a direct sum 
of uniserial modules of length n and n+1 for some n, 
then M is a fair module (Theorem 3.2.4). In section 3.3, 
some characterization for fair modules have been given. 
For instance, it has been shown that if M is a fair 
S2*-module satisfying condition (III) which is not reduced 
then it is h-divisible (proposition 3.3.1). Also, it has 
been proved that a reduced fair S2-module with condition (III) 
is bounded (proposition 3.3.3.). It is further shown that 
if M is a fair S2-module satisfying condition (III) which 
is reduced then M « N 0 K , where N is a direct sum of 
uniserial modules of length n+1 (proposition 3.3.4). 
Finally we proved that if M is an Sj-module with 
condition (III). Then M is a fair module if and only if 
M is either h-divisible or is a direct sum of uniserial 
modules of length n and n+1 for some n (proposition 
3.3.5). 
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3.1 DEFINITION AND EXAMPLES 
In t h i s s e c t i o n , we have d e a l t wi th the concept of 
f a i r module and have g iven as example of f a i r module. But 
a very n a t u r a l q u e s t i o n a r i s e s : Does t h e r e e x i s t s any module 
which i s no t f a i r ? An a f f i r m a t i v e answer to t h i s ques t ion 
i s g iven 
DEFINITION ( 3 . 1 . 1 ) : An S2-module M i s c a l l e d a f a i r module 
i f eve ry h - n e a t submodule of M i s h - p u r e . 
The fo l lowing example shows t h a t t h e r e e x i s t s an 
S2-niodule s a t i s f y i n g c o n d i t i o n ( I I I ) which i s not f a i r . 
EXAMPLE ( 3 . 1 . 2 ) : L e t M = xR ^ yR be an S2-module wi th 
c o n d i t i o n ( I I I ) such t h a t e (x) = 3 , e (y ) = 1 , then we 
show t h a t M i s not f a i r . 
Le t N = (x^+y)R where x^ ^xR with d(xR/x.R) = 1 . 
Since e (x) - 3 and d(xR/x,R) = 1 we can o b t a i n a sub-
module X2RCXR such t h a t xR > x,R > X2R > 0 i s the 
unique composi t ion s e t i e s of xR. L e t ann(xR/x.R) = 0 , 
ann(xj^R/x2R) = Q, ann(x2R) = Q' and ann(yR) = Q ' ' . 
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Then by proposition 2 . 1 . 1 , we have xP = x,R, x,Q = X2R» 
X2Q' = 0 and yQ'• = 0 . Now, we f i r s t l y show^that N 
i s a uniform submodule of M. Let f : xR > (x^+y)R 
be a map given as xr ——> (x ,+y)r . We assert that this 
map i s well defined onto homomorphism. Suppose xr = 0 . 
Now xP = x,R y ie lds that xPQ = x,Q « X2R which further 
gives xPQQ'• « XjQ" . If XgQ" « 0 then rGPQQ"^Q»' 
implies that yr = 0 . Also, X2Q*' = 0 implies that 
Q"^Q' but Q» • i s maximal and hence Q'• = Q*. Thus 
r^PQQ'^aQ*. But x^Q = XgR yie lds Xj^ QQ' = 0 so that 
x,r = 0 . Thus, (x,+y) r = 0 and the mapping is well 
defined. If X2Q'* ^ 0 then X2Q"Q* = 0 , so xPQQ"Q« « 0. 
Therefore, r^PQQ''Q»^Q' and we get yr = 0 . Also, 
rGPQQ"Q'^QQ'*Q*^QQ' implies that x^r = 0 . Therefore, 
again (x2+y)r « 0 . Consequently the map xr > (x,+y)r 
i s well defined. I t i s t r i v i a l to see that i t i s an epimor-
phism. Hence (x,+y)R, being the epimorphic image of a 
uniform module i s uniform. Now H.(M) = H, (xR) @H.(yR) ^ 
HJ^(XR)QXR. Therefore, Xj^ +y^ Hj^ (M) i . e . Hj^ (xj^ +y) = 0 . 
Hence by Lemma 1,3.16 (x.+y)R = N i s h-neat in M, 
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Now we show t h a t N is not pure in M. T r i v i a l l y , 
HJCN) = 0 . Now for any r ' e Q " , x^r' = ( x j + y ) r ' 6 N . Now, 
e i the r x^r'R = x^R or Xj^ r'R < Xj^ R. If Xj^ r'R < Xj^ R, then 
Hj^(xjr») =Hj^(x2) = 2 implies tha t Xj^r'^ H2(M)nN but 
x^ r ' ^H2(N) . Thus NH H2(M) i^  H2(N) . If x^r'R = x^R, 
then Xj^ Q" = Xj^R i . e . Xj^ Q'*Q = x^ Q^ = X2R y ie lds 
X2 = Xj^r"r3^6N where r * ' € Q » ' . So tha t H^^^C x^r'•rJ^)=HJJ^(x2)-
Thus, in each case we find a uniform element z€NnF'2^**^ 
but z^H2(N). Hence M i s not a f a i r module. 
3.2 SOME BASIC RESULTS 
The main prupose of t h i s sect ion is to give some useful 
r e s u l t s for the fu r the r use in subsequent a r t i c l e . 
The following proposi t ion is a genera l iza t ion of a 
r e s u l t of K. Simauti [ l l , proposi t ion l ] . 
PROPOSITION ( 3 . 2 . 1 ) : Let M be an Sg-module. If M is a 
f a i r module then every h-neat submodule of M i s also a- f a i r 
module. 
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PROOF: Let N be an h-neat submodule of r^ » then K is 
h-neat in M. Hence K is h-pure in M, Consequently, K 
is h-pure in N. Thus N ,is a fair module. 
We know that h-neat submodule and complement submodule 
coincide in an S2-module (proposition 1.3.18). Now in view 
of definitions 1.3.2 and 3.1.1, we conclude that 
REMARK (3.2.2): Every submodule of a fair Sj-module is centre 
of h-purity. 
PROPOSITION (3.2.3): If M is a fair Sj-module and 
N<CH^(M) then for any complement T of N, TnHjjj(M) 
is h-pure in M, for all m ^  n. 
The following theorem of particular interest, will be 
a backbone for the characterization of fair modules done in 
section 3.3. 
THEOREM (3.2.4): Let M be an S2-raodule. If M is either 
h-divisible or a direct sum of uniserial modules of length 
n and n+1 for some n, possibly lacking those of length 
n+1; then M is a fair module. 
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Towards the end of this section, we have the 
following theorem which shows that if an h-neat submodule 
is supported by an h-dense subsocle^ of the module then the 
module itself is fair. 
THEOREM (3.2.5): If M is an S2-raodule satisfying 
condition (III) and N is an h-neat submodule of M 
supported by an h-dense subsocle then M is a fair module. 
3.3 SOME CHARACTERIZATIONS 
It is well known that every pure subgroup of an 
abelian group is a neat subgroup. But in [ll], K, 
Simauti has characterized those abelian groups in which every 
neat subgroup is pure. The very natural question arises: 
What are those S2-inodules in which every h-neat submodule is 
h-pure ? Such modules are the central themes of this 
section. 
Firstly, we prove the following: 
PROPOSITION (3.3.1): Let M be an"S2-inodule with 
condition (III). If M is fair and is not reduced then M 
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is h-divisible. 
As consequence to the above proposition we have. 
CPROLLARY (3.3.2): A fair S2-module with condition (III) 
is either reduced or h«divisible. 
Now from the above corollary it is obvious that every 
reduced fair S2-module with condition (III) can not be 
h-divisible, but it does not give the clear picture of the 
structure of the module. The following proposition shows 
that such a module will be necessarily bounded. 
PROPOSITION (3.3.3): A reduced fair Sj-module satisfying 
condition (III) is bounded. 
We further specify the nature of the boundedness of 
the module in the following proposition. 
PROPOSITION (3.3.4): Let M be an Sg-module with 
condition (III). If M is a fair and reduced, then 
M = N ® K, where N is a direct sum of uniserial modules 
of length n for some n and K is a direct sum of 
uniserial modules of length n+1, possibly lacking the latter 
submodules K. 
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PROOF; By proposition 3.3.3, M is bounded. Hence by 
proposition 1,2.3, M is a direct sura of uniserlal modules. 
We assert that these uniserlal modules are either of length 
n or of length n+1 for some n. Suppose on contrary that 
there exists uniform modules xR and yR of M such that 
d(^) 2 d( xR) +2. Then as done in proposition 3.3.3, we can 
show that there exists a uniform element yi£yR such that 
(x+y|)R is an h-neat submodule of M which is not h-pure. 
Hence, M is not a fair module, a contradiction. Therefore, 
the assertion follows. 
Now, we are in a position to give a characterization 
of a fair module which generalizes the main result of K. 
Simauti [ll] and the proof follows from proposition 3.2.4, 
3.3.3, 3.3.4 and corollary 3.3.2, 
THEOREM (3.3.5): Let M be an S2-module satisfying 
condition (III). Then M is a fair module if and only if 
M is either h-divisible or a direct sum of uniserlal modules 
of length n and n+1 for some n, possibly lacking those 
of length n+1. 
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CHAPTER ~ IV 
ABELIAN GROUPS LIKE MODULES 
4.0 INTRODUCTION; 
We studied modules with two conditions in Chapter II, 
III and various generalizations of groups have been extended 
for modules with the two conditions. In this chapter we 
consider a module satisfying only condition (I) and we call 
them QTAG-modules. Most of the results done earlier can be 
restated and improved for QTAG-modules. Some of the results 
are have stated and some new results are also added. 
We have seen in Chapter II and III that the structure 
theory of an S2-Jnodule is similar to that of torsion abelian 
groups, keeping this in view these were called torsion abelian 
groups like modules (in short TAG-modules) in [9]. A uniserial 
module which is not quasi injective trivially satisfies (I), 
but not (II). In section 1, lemma 4.1.3 and 4.1.4 show that 
a certain weaker version of the dual of (II) is also implied 
by (I). In section 2, the structure theory of QTAG-modules 
is developed. All the concepts and results for QTAG-modules 
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given in [20,21] can be defined, stated and proved for 
QTAG-roodules. In particular it is shown that any QTAG-modules 
M admits a basic submodules and that any two basic submodules 
of M are isomorphic. Throughout in this chapter we shall 
study QTAG-module unless otherwise stated. 
4.1 SOME BASIC RESULTS 
Now we recall some elementary notations. Here we 
consider all modules to be unital right modules MQ, where 
R is a ring with unity 1 |= 0. For any ring R, J(R) or 
simply J denotes its jacobson radical. The symboles 
J(M ) , ED(M) (or simply E(M)) will denotes its jacobson 
radical and injective hull respectively, NCM denotes that 
N is an essential submodule of M. Put Soc*^ (M) = 0. For 
any k 2 0» Soc'^ (M) is defined inductively by 
Soc(M/Soc'^(M)) = Soc'^'^^(M)/Soc'^(M). Similarly J^(M) is 
defined inductively by putting j'^ '*"^ (M) = JCJ'^CM)) and 
J°(M) = M. M is said to be serial if the lattice of its 
submodules is linearly ordered under inclusion (see definition 
1.1.38). 
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Here we show that any QTAG-module satisfies a certain 
weaker version of condition (II) and its dual. We further 
establish some general results needed in subsequent sections. 
We start with the observation that the class of QTAG-module 
is closed under submodules and homomorphic images. 
DEFINITION (4.1.1): [IS, Definition 5.2]. If S and T 
are simple R-modules, then T is called a successor of S 
and S is called predecessor of T if Ext (S,T) |= 0. 
LBAMA. (4.1.2): Let A.,A2, ,A be any (non-zero) 
uniserial submodules of a module Mo and let 
Aj^ +A2+ +A^ = Bj^  (J) B2 (5). '® ^ m ^ ° ^ °^'""® uniserial 
submodules 8^ ,^ 1 £ i £ m. Then, 
(i) m < n 
(ii) Each B. is a homomorphic image of some A.. 
(iii) Each A. embeds in some B. under the projection 
^if ^ k > ^i' 
(iv) Any A. of maximal length among A.,A2, ,A 
n 
is a summand of E A.. 
i=l ^ 
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PROOF (i): Consider the external direct sum 
K = Aj^  ® A2.......©A^. Then K/J( K) is a direct sum of 
m m 
n simple modules. Now ( ® E B,)/J( ® Z B,) is a 
i=l ^ i=l ^ 
direct sum of m simple modules, and is a homomorphic 
image of K/J(K). Consequently m <, n. This proves (i). 
Now (II) and (iii) follows as proposition 1.1.47 . 
(iv) follows from (iii). 
LEMMA (4.1.3): Let A and B be two uniserial submodules 
of a QTAG-module M such that AOB = 0. Let f be any 
homomorphism from a submodule W of A into B such that 
d(A/W) ^  d(B/f(W)). Then f can be extended to a homomor-
phism ? : A > B. 
PROOF; Consider the pushout diagram 
> K 
where i the inclusion map. Since i is a monomorphism, 
j monomorphism [l, P. 92]. Consider injection 
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ij^ : A > A © B, i2 : B > A ® B. Using the f a c t 
t h a t 
K = Coker ( ij^i - i2f : W > A 0 B) 
i t fo l lows t h a t ker g = ker f. Thus by hypo thes i s 
d(g(A)) = d(A) - d ( k e r f) < d(B) = d ( j ( B ) ) . Since i< i s 
a homomorphic image of A + B, i t i s a QTAG-module. As 
< = j (B) + g (A) , by above lemma K = j ( B ) 0 C . Consider 
the p r o j e c t i o n P : j (B) @ C r-> j ( B ) . We have 
j " - " - : j (B) > B, then f = j " ^ Pfl : A > B ex tends f. 
LElWi^  ( 4 . 1 . 4 ) : Le t A and B be any two u n i s e r i a l 
submodules of a QTAG-module; >|such t h a t AHB ^ 0 and 
d(A) £ d ( B ) . Then t h e r e e x i s t s a monomorphism f : A > B, 
which i s i d e n t i t y on A O B . 
PROOF: As d(A) < d(B) by lemma 4 . 1 . 2 
A +B = B(+)C 
f the r e s t r i c t i o n of the p r o j e c t i o n p : B 0 C > B, 
to A i s a d e s i r e d map, 
LEMMA (4.1.5): Let A and B be any two uniserial 
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submodules of a QTAG-module M such t h a t AH B = 0 . Let 
W be any submodule of B and f : A > B/W be any 
homomorphism such t h a t d(W) _< d( ker f ) . Then the re e x i s t s 
a homomorphism 7 : A > B l i f t i n g f. 
PROPOSITION ( 4 . 1 . 6 ) : L e t N and K be any two submodules 
of a QTAG-module M. L e t x + N be a uniform element of 
(K+N)/N. Then 
(a) For some uniform e lement y e K , x + N = y + N. 
(b) If u ,v a re two uniform e lements in x + N such t h a t 
uROvR = 0 and e (u ) <^  e (v ) , then t he re e x i s t s an 
epimorphism f : vR > uR such t h a t v - f ( v ) € N . 
PROPOSITION ( 4 . 1 . 7 ) : L e t N be any submodule of a 
QTAG-module M. L e t "x = x+N be a uniform element in 
SOC(M/N) . Let x ^ x + N be a uniform element of s m a l l e s t 
exponent . Let y be any uniform e lement in M such t h a t 
" x R s ^ . Then e i t h e r x ROyR = 0 or e (x^) = e ( y ) . 
PROOF: Let x RfiyR + 0* By h y p o t h e s i s e( x^) <_ e ( y ) . 
By Lemma 4 . 1 . 4 t h e r e e x i s t s a monomorphism f : x R > yR, 
which i s i d e n t i t y On x Rf |yR. On the c o n t r a r y l e t 
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e(x^) < e ( y ) . Then f ( x ^ ) e N . Now 
g : x^R > ( x ^ - f ( x ^ ) ) R 
given by 
g(x^r) = (x^ - f ( x ^ ) ) r , r e R 
i s an epimorphism wi th x ROyRCKer g . Thus 
X, = x^ - f (x^) i s a uniform e lement in x+N such t h a t 1 o o 
e ( x , ) < e (x ) , This c o n t r a d i c t s the choice of x . Hence 
e (x ) = e ( y ) . This p roves the r e s u l t . 
4 . 2 SOME DECOMPOSITION THEOREMS 
The concepts of h e i g h t and exponent of any uniform 
element x in a QTAG-module i s v e r b a t i m same as in TAG-module 
as def ined in Chapter I . The proof of the fo l lowing lemma 
i s verbat im same as of p r o p o s i t i o n 1 .1 .48 except t h a t use 
lemma 4 . 1 . 3 i n s t e a d of lemma 1 .1 .43(b) in [ 1 9 ] . 
LEMMA ( 4 . 2 . 1 ) : Le t Xj^,X2, , x^ be any f i n i t e l y many 
uniform e lements in a QTAG-module lA^ such t h a t fo r some 
non-nega t ive i n t e g e r k, H( x^) 2 ^ ^o^ 1 <^  i _< n . Then 
fo r any uniform e lement x of M in I x.R, H(x) 2 ^* 
54 
Let X be any non-zero e lement in a QTAG-module 
n 
Mr,. By definition xR = E x.R, for some uniform element 
^ 1=1 ^ 
x^€M. Define the height Hj^ (^x) (or simply H( x) of x, 
by H(x) =min (H(xj^)). This is well defined. Put 
H(o) = oo > n, n be any integer, and « + n = «. As in 
Chapter I, we define H^^CM) , for any n 2, 0. Then 
H (M) = jx€M : H(x) ^  n ] and it is a subraodule of M. The 
following lemma has similar proof as of proposition 1.1.51. 
PROPOSITION (4.2.2.): Let A and B be. two submodules of a 
QTAG-module M such that M =» A + B. Then for any k 2 0 
H,^ (M) = H^(A) + H^(B). 
We have seen t h a t fo r a QTAG-module M, 
H. (M) = J (M) and t h a t H.^,(M) i s the s m a l l e s t submodules 
of Hj^ (M) such t h a t Hj^(M)/H,j^j^(M) i s comple te ly r e d u c i b l e , 
For any uniform e l emen t y ^ M , a uniform e lement x i s 
c a l l e d p r edeces so r of y and i f y fc xR and d( xR/yR) = 1 , 
in t h i s case a l s o y i s c a l l e d a s u c c e s s o r of x. Le t N 
be a submodule of M. A uniform e lement yfeM i s in H,(N) 
if and only if y admi ts a p r e d e c e s s o r in N. 
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F i r s t l y we l i s t some p r o p e r t i e s of h e i g h t . 
LEMMA ( 4 . 2 . 3 ) : Le t M be any QTAG-module. Let x , y e M , 
( i ) H(x) 2 n i f anci only i f x 6 H ^ ( M ) . 
( i i ) H( x+y) 2 ™i" ( H ( x ) , H ( y ) ) ; e q u a l i t y holds whenever 
H(x) ^ H(y) 
( i i i ) I f y 6 H j ( x R ) , then H(y) 2 H ( x ) + 1 
( i v ) I f x - y 6 S o c ( M ) , then Hj^(xR) =Hj^(yR) 
(v) I f xR = yR, then H( x) - H ( y ) . 
LEMMA ( 4 . 2 . 4 ) : L e t N and K be two submodules of a 
QTAG-module M. Thus , , f o r any k^O 
H^[(K+N)/N] = (H^(K)4N)/N . 
PROOF: Let "x = x+N be a uniform e lement of [ H ^ ( K + N ) / N ] . 
There e x i s t s a uniform e lement y^K+N such t h a t Ic €.yR 
and d(yR/ldFl) « k. So "x = yr fo r some r ^ R . Now z = yr 
i s uniform and yr€:H,^(K+N) * H^(K) + H^(N). Thus x = yr = I 
fo r some z € H ^ ( K ) . Obvious ly [ H ^ ( K ) + N ] / N C H ^ [ ( K + N ) / N ] . 
This proves the lemma. 
56 
THEORBI (4.2.5): Let M be any QTAG-module over a ring 
R. Let T be any submodule of M and K be any 
complement of T in M« Then there exists a mapping of 
the family of simple submodules of M/(T+K) onto the 
family of simple submodules of [(Hj(M)+K) O T]/HJ^(T) . 
REMARK (4.2.6): Let N be h^divisible submodule of M. 
Let K be any complement of N. As N = Hj^(N), 
[(Hj^(M)+K)nN]/Hj^(N) = 0 . So by above theorem M/(N+K) = 0 . 
Hence M » N 0 K and we get N to be an absolute summand 
of M. 
KuliJfov's theorem for the decomposition and abelian 
p-groups was generalized to modules over bounded (hnp)- rings 
in proposition 1.1.52 and to TAG-modules in remark 1.2.2. 
We now extend it to QTAG-modules. Since the proof is being 
adopted from proposition 1.1.52. 
THEOREM (4.2.7): Let M^ be any QTAG-module. Then Mj^  is 
direct sum of uniserial modules if and only if M is a union 
of ascending sequence M , (n = 1,2, ) of submodules of 
M such that for each n, there exists a positive integer k , 
c 7 
such t h a t H(x) < k f o r a l l uniform e lements x of M . 
— n n 
REMARK (4.2.8): Similar as defined in Chapter I, we say 
that the QTAG-module M to be decomposable if it is a 
direct sum of uniserial modules. 
The following can be easily proved by applying the 
above theorem* 
THEOREM (4.2.9): Any submodule of a decomposable 
QTAG-module is also decomposable. 
Similarly as defined in Chapter I, a bounded 
QTAG-module can be defined. An application of lernna 4.2,4. 
The following holds. 
THEOREM (4.2.10): Any bounded QTAG-module is decomposable. 
THEOREM (4.2.11); Let M be any QTAG-module; then any 
bounded h-pure submodule of M is a summand of M. 
THEOREM (4.2.12): If M is a QTAG-module and a uniform 
element u^Soc(M) has finite height k, and x is any 
uniform element in M such that u 6.xR and d(xR/uR) = H(u) 
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then xR is a d i r e c t suramand. 
PROPOSITION ( 4 . 2 . 1 3 ) : Union of a chain of h-pure submodules 
of a QTAG-module M i s h-pure in M. 
LEMMA ( 4 . 2 , 1 4 ) : Let N be a submodule of a QTAG-module M. 
Then N i s an h-pure submodule of M if and only if for 
every uniform element "x « x+N of M/N, there e x i s t s a 
uniform element x '€M such t h a t x+N = x'-fW, e(x*) = e("x). 
LEMMA ( 4 . 2 . 1 5 ) : Let N and K be any two submodules of a 
QTAG-module M, then : 
( i ) If K i s h-pure in M and NCK, then K/N i s 
h-pure in M/N. 
( i i ) If NCK, such t h a t K/N i s h-pure in M/N and N 
i s h-pure in M, then K is h-pure in M. 
After t h i s we have seen tha t proposi t ion 1.3.9 and 
1.3.10 hold for QTAG-modules. If there e x i s t s a uniform 
element u of f i n i t e height in the socle of a QTAG-module 
M, as seen in theorem 4 . 2 . 1 2 , M admits a un i s e r i a l summand 
containing u. 
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As done in Chapter I , the r e s u l t s given in 
1.4 can be f u r t h e r improved f o r QTAG-module and we 
s t a t e few of them. 
THEOREM ( 4 . 2 . 1 6 ) : ( a ) i f every e l emen t in Soc(M) i s of 
i n f i n i t e h e i g h t , then M i s a d i r e c t sum of s e r i a l modules 
each of i n f i n i t e l e n g t h . 
(b) Any QTAG-module M admits a uniform summand, which 
can be chosen t o be of f i n i t e l e n g t h in case not a l l 
uniform e lements in Soc(M) a re of i n f i n i t e h e i g h t . 
THEOREM ( 4 . 2 . 1 7 ) : If S i s a s u b s o c l e of a QTAG-module 
M such t h a t SOC(M) = S + SOC(HJ^(M)) f o r a l l k 2 Of 
then S suppo r t s a submodules N of M such t h a t 
h(M) = h (N) . 
4 . 3 SOME APPLICATIONS 
In t h i s s e c t i o n we de te rmine t h e s t r u c t u r e of 
a r i n g such t h a t RQ i s a QTAG-module. 
LEMAAA ( 4 . 3 . 1 ) : Le t R be any r i n g such t h a t R^^ i s a 
QTAG-module. Then any simple r i g h t R-module admits a t 
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most one predecessor. 
PROOF; Let Sn be simple. Let K and T be two 
predecessors of S. There exists two indecomposable 
iderapotents e,f of R such that eR/ej^K, 
el R/eJ^<VS, fR/fJ-ft^ K and fJ/fJ^<^S. Let K-p^T, then 
we choose e,f to be orthogonal. But by lemma 4.1.3, 
there exists an isomorphism of ei^^l^Z onto i^liZ . 
Hence K-i&^ T. This is a contradiction. Hence S has at 
most 0"r>e predecessor. 
LEMMA (4.3.2): Let R be any ring such that Rj^  is a 
QTAG-module. Then E is uniserial or there exists an 
indecomposable indempotent e 6R and an integer K 2 1 
such that eR/eJ is not quasi-injective Soc (E) is 
uniserial and eR/eJ^ embeds in E/Soc'^"^(E). 
PROOF: Let E be not uniserial. As R is right artinian 
right serial ring, for some simple R-raodule S, E= E(S), and 
for some t, E = Soc (E). As E is not uniserial, we can 
find, K < t such that Soc'^ CE) is uniserial, but Soc'^ '^ (^E) 
is not uniserial. Clearly k 2, 1» and we can find two 
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uniserial submodules A and B of E, each of length 
k+1 such that A(pBcf:-A. Now AHB = Soc'^(E). Further 
K = [A/SOC'^"-^(E)] n[B/Soc'^"^(E)] is a simple module. 
By lemma 4.3.1 K admits only one predecessor. So 
A/SOC'^(E)<^B/SOC'^(E) . Consequently there exists an 
indecomposable idempotent e€R such that 
A/Soc'^"^(E)<^ eR/eJ^*^B/Soc^"^(E). We have an isomorphism 
a of A/Soc'^"^(E) onto B/SOC'^'^CE) . Now the infective 
hull £• of E/Soc (E) is uniform and cr can be extended 
to an endomorphism of E'. If eR/eJ where quasi-injective, 
we get n(A/Soc'^*^(E)) = A/SOC'^""^(E) . So A = B. This is a 
contradiction. Hence the result follows: 
THEOREM (4.3.3): Let R be any ring such that R^ is a 
TAG-module. Then R is a generalized uniserial ring. 
THEOREM (4,3.4): Let R be an indecomposable right serial 
right artinian ring, over which any simple right R-module 
admits not more than one predecessor. Let e,,e2» »e. 
be a maximal set of non isomorphic orthogonal indecomposable 
idempotents of R. Then e,,62,......,e. can be so arranged 
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tha t for i < k, e^J ^ 0 , and there e x i s t s an epimorphism 
of e . ^ , R onto e . J . Further i f ej^J ^ 0 , there ex i s t s 
an epimorphism of e,R onto ®i^ J» 
THEOREM ( 4 . 3 . 5 ) : Let R be any indecomposable r ing such 
tha t RD is a QTAG-module and for any indecomposable 
n 
iderapotent e £ R , eJ ^ 0 . Then e i t h e r R i s a local 
r ing or R i s general ized u n i s e r i a l . 
THEOREM ( 4 . 3 . 6 ) : Let R be any r ing non-local indecomposable 
r ing such t h a t R^^ i s a QTAG-module. Then e i t h e r R i s a 
general ized u n i s e r i a l r ing or i t has an indecomposable 
idempotent e such t h a t eJ = 0 and rfl/ej i s not 
q u a s i - i n j e c t i v e . 
There e x i s t s indecomposable non-local r ings R, 
such t h a t R i s not a general ized u n i s e r i a l r i n g , but Rj, 
i s a QTAG-module. 
DEFINITION ( 4 . 3 . 7 ) : A vector space QV^ i s ca l led 
b i -vec to r space if i t is l e f t vector space as well as 
r i g h t vector space over D. 
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EXAMPLE ( 4 . 3 . 8 ) : Le t D be any d i v i s i o n r i n g admi t t ing a 
b i - v e c t o r sapce pV such t h a t dinn j-.V > 1, 
dirr\ D = 1 . Then the ma t r i x r i n g 
and 
R = 
D V 
0 D 
is indecomposable, non-local, it is not a generalized 
uniserial ring, but Rp is a QTAG-module. Consider the 
r i n g 
T = 
[V D J 
in which the m u l t i p l i c a t i o n i s d e f i n e d by 
^11 ^12 
^21 ^22 
^ 1 ^ 2 
W2j_ b22 
hi ''u ®ll*'l2 •*" ^12*^22 
^21 *'ll"^^22 "^21 ^22*'22 
Socd^) is a direct sum of two non-isomorphic simple modules. 
Any right ideal A of T is of the form B @ C , where B 
is a summarid of T^ and CCSoc(Tj). Using this and that 
d(Tj) = 4, it has been seen that Tj is a QTAG-module, T 
is indecomposable, non-local and is not generalized uniserial. 
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CHAPTER - V 
SOME STRUCTURES IN QTAG-MODULE 
5.0 INTROEXJCTION; 
We discuss the concept of h- isotype submodule of 
QTAG-module s i m i l a r l y to the isotype subgroups of primary 
groups as done by J.M. Irwin in [ 7 ] . C. Megibben introduced 
the concept of kernals of pur i ty for abel ian groups in [ 2 ] . 
He gave a number of cha rac t e r i za t i ons of t h i s no t ion . Here 
we have also introduced the s imi la r concept for QTAG-module 
in sec t ion 5 .2 , we got some nice cha rac t e r i z a t i ons for 
kernals of h -pur i ty for example theorem 5 ,1 .4 , which extends 
the main r e s u l t of [ 2 ] . An easy app l ica t ion of theorem 5 .1 ,4 , 
gives a number of r e s u l t s which are given in sect ion 5 . 3 ; 
In sec t ion 5 .4 , we have t r i e d to give a solut ion to a self-
posed problem based on a r e s u l t of sec t ion 5 . 3 , Corollary 
5 . 3 . 3 . In t h i s connection we have extended the r e l a t e d main 
r e s u l t of [lO, Theorem 1 0 ] . 
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5 .1 ISOTYPE SUBMODULES 
As in g r o u p s , fo r any o r d i n a l a , H (M) i s defined 
i n d u c t i v e l y as H^(M) = M and i f H^CM) i s def ined fo r 
o p 
a l l o r d i n a l s p < a , then H (M) = H H«(M) provided a 
i s a l i m i t o r d i n a l . I f a = A+1 then H^(M) = Hj(H^ (M)). 
DEFINITION ( 5 . 1 . 1 ) : If M i s a QTAG-module then a submodule 
N of M i s c a l l e d h - i s o t y p e i f f o r a l l o r d i n a l s a , 
NnH^(M) = H^(N). 
F i r s t l y we prove the fo l lowing? 
THEOREM ( 5 . 1 . 2 ) : I f M i s a QTAG-raodule, a i s any o r d i n a l 
and K i s a complement of N in M where N i s a submodule 
of H^(M). Then KnHg(M) i s a complement of N in Hg(M) 
f o r a l l p ^ a . 
PROOF: T r i v i a l l y (KnHg(M)) ON = O. Suppose x^HAtA) 
with x 6 K n H g ( M ) , then (K.+xR)nN ^ 0 . Hence t h e r e i s 
u€.N such t h a t u = y+xr fo r some y ^ K , r € R . Since 
H ^ ( M ) C H Q ( M ) we g e t uGHg(M) . Consequen t ly 
y = u-xre:KnHp(M) and so (KnHg(M) + xR)nN ^ 0 . 
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Hence KnHg(M) is a complement of N in Hp(M). 
Now using transfinite induction we prove the 
following main theorem. 
THEOREM (5.1.3): If M is a QTAG-module and a is any 
ordinal. If N is a subroodule of H^(M) and K is a 
complement of N in M then HQ(K) = KnHg(M) for all 
ordinal p £ a+1. 
PROOF: Since K is a complement of N, Hj^ (K) =KnHj^(M). 
Suppose the assertion is true for all ordinal p < Yt where 
Y is any ordinal such that 0 < Y 1 «+!• I^ Y is a limit 
ordinal then KnH^(M) = Kn( D HAIA)) = O KriH^CM) = 
Y p<Y P p<Y P 
n Hfl(K) =H^(K). If Y is not a limit ordinal and 
P<Y ^ ^ 
Y - p+1. Then above theorem 5.1,2, KriHg,(M) is a complement 
of N in H Q ( M ) . Hence KHH-JCM) is h-neat submodule of 
P P 
H3(M). Therefore H^iKHHAtA)) = (KDHAU)) DH^iHA^)), 
Hence by induction Hj^(Hg(K)) = KflHg^j^CM) and we get 
H (K) = KHH (M). Hence the assertion follows: 
Now we prove the following result from which the 
above theorem can be directly deduced. 
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THEOREM (5.1.4): If M is a QTAG-module and a is any 
ordinal. If N is an h-neat submodule of M such that 
Soc(M) cSoc(M) + HQ(M) for all ordinals ^ < a then 
NnHg(M) = Hp(N) for all p < o. 
The following immediately follows from the above theorem. 
COROLLARY (5.1.5): If M is a QTAG-module and K is a 
complement of Hg(M) for some ordinal p, then 
KOH (M) = H (K) for all ordinals y £ p+1. 
COROLLARY (5.1.6): If M is a QTAG-module and a is any 
ordinal. If N is a h-neat submodule of H^ (hA) and K"2N 
is a maximal submodule of M with respect to KHH (M) = N 
then N D H (M) = H (K) for all ordinals y i «+!• 
PROOF: Obviously K is an h-neat submodule of M and 
Soc(M) = Soc(K) + Soc(H^(M)). Hence the result follows from 
theorem 5,1.4, 
PROPOSITION (5.1.7): If M is a QTAG-module and N, K are 
submodules of M with NQK. Then the following are equivalent, 
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(a) K i s a h-neat in M and Soc(M) = Soc(K) 
(b) K i s minimal h-neat submodule of M containing N. 
(c) K i s a maximal with property t h a t K 3N and 
Soc(K) = Soc(N). 
5.2 KERNEL OF h-PURITY 
As done in proposi t ion 5.1.7 h-nea t hul l of a 
sutanodule N of M i s defined to be the minimal h-neat 
submodule K of M such tha t NQK. 
F i r s t l y we s t a t e the following: 
LEMMA ( 5 . 2 . 1 ) : If M i s a QTAG-module then the following 
holds: 
( i ) For any uniform elements x and y in M with 
x6yR» d(yR/xR) = m if and only if H^ ^^ CyR) = xR. 
( i i ) If X and y are predecessors of a uniform elements 
z then there i s an isomorphism f : xR > yR 
such tha t f i s i den t i t y on zR. 
PROPOSITION ( 5 . 2 . 2 ) : If N i s a submodule of a QTAG-module 
M and n i s any pos i t i ve integer then Soc(H (M))QN 
implies H ( M ) G N if and only if for any uniform element 
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xGNnH^(M) and y ^ N , where y i s a predecessor of x 
in H^«X(M) there e x i s t s a uniform element 26M such tha t 
e(2) = n and Soc(zR)^N. 
PRnnFi Let Soc(H^(M))cN such tha t H^(M)^N. Let t 
be a uniform element in H (M) of smal les t exponent such 
tha t t ^ N then we can f ind a sutmodule uR <QtR such tha t 
d(tR/uR) = 1 then u€N nH^^j^(M). Hence by the given 
condi t ion there i s a uniform element z e M , e(z) = n+1 
and Soc(zR)s^N. But d(zR/Soc(zR)) = n. Therefore 
Soc(H^(M))^N, a con t r ad ic t ion . Hence H^(M)aN. For 
the converse suppose t h a t there does not e x i s t s any uniform 
element z 6M such t h a t e( z) = n and Soc(zR)^N. 
T r i v i a l l y SOCCH^^^.^'^^ ^ ^ ^ ^^^ otherwise we can find a 
uniform element yeM such t h a t e(y) = n and Soc(yR)iN. 
Hence H^_j^(M)cN. Hence every predecessor of xeNflH^CM) 
in H^_j^ (M) w i l l be an element of N which i s again a 
c o n t r a d i c t i o n . Hence r e s u l t fo l lows. 
DEFINITION ( 5 . 2 . 3 ) : If N is a submodule of a QTAG-module 
M then N i s ca l led kernal of h -pur i ty if h-neat h u l l s of 
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N are h-pure sut»nodule of M. 
I t i s t r i v i a l to see tha t h-pure submodules are 
kernal of h - p u r i t y . 
Now we s t a t e the following nice cha rac t e r i za t i on of 
kernal of h - p u r i t y . 
THEOREM ( 5 . 2 . 4 ) : If N is a submodule of a QTAG-roodule 
M then N i s kernal of h-pur i ty if and only if for a l l 
pos i t ive in tegers n whenever x i s a uniform element in 
NnH^^j^(M) then e i t h e r y + z^NHH (M) for some 
2 6Soc(M) or Soc(M)/Soc(N) SH^(M/Soc{N)) where y is 
a predecessor of x. 
Now we give a cha rac t e r i za t ion for a subsocle S 
to be a kernal of h -pur i ty in M. 
THEOREM ( 5 . 2 . 5 ) : If S i s a subsocle of a QTAG-module M 
then 
one of the following holds. 
i  ( 5 . 2 . 5 ) : If S i s a subsocle of a QTAG-module 
S is kernal of h -pur i ty in M if and only if any 
(a) S nH^(M) ^ 0 for a l l pos i t ive in t ege r s n and 
Soc(M) = S + Soc(H^(M)) for a l l n . 
(b) There is a minimal pos i t ive in tege r n such tha t 
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SnH^^^(M) = 0 and Soc(M) = S + SOC(H^_J^(M) ). 
5.3 SOME APPLICATIONS 
In this section we shall be giving some applications 
of theorem 5.1.4. As an application of this theorem we get 
the following: 
PROPOSITION (5.3.1); If N is a submodule of a QTAG-module 
M. If Soc(M) * Soc(N) + Soc(H^(M)) for all' n or 
Hj(M)CN then N is kernal of h-purity. 
PROOF: If Soc(M) = Soc(N) + Soc(Hj^(M)), then by above 
theorem 5.1.4 N is kernal of h-purity. Now suppose 
H^(M)cN. Let X be a uniform element in NHH ^,(M) and 
y * be its predecessor in H (M). Also we can get a uniform 
element y'e HJ^CM) such that d(y'R/xR) » n. Let 
Soc(y'R/xR) = tR/xR then by lemma 5.1.2 t - y€Soc(M). 
Hence y+( t-y) e NnH^(M). So by above theorem 5.2.5, N is 
kernal of h-purity. 
Now as an application of theorem 5.1.4 we give an 
other criterian for kernal of h-purity. 
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THEOREM (5.3.2): If N is a submodule of a QTAG-module 
M such that M/N is h-divisible then N is kernal of 
h-purity in M if and only if Soc(M) = 5oc(N) + Soc(H^(M)) 
for all n. 
COROLLARY (5.3.3): If N is an h-pure submodule df a 
QTAG-module M such that M/N is h-divisible then 
Soc(M) = Soc(N) + Soc(H^(M)) for all n. 
PROOF: Since h-pure submodules are kernals of h-purity 
therefore the result follows: 
THEOREM (5.3.4): If N Q K are submodules of a QTAG-module 
M such that N is h-neat in K and 
Soc(K) = Soc(N) + Soc(H^(K)) for all n. If K is kernal 
of h-purity then N is also kernal of h-purity. 
PROOF: If Soc(M) = Soc(N) + Soc(H^(M)) for all n then 
N is kernal of h-purity. Trivially if 
Soc(M) ^ Soc(N) + Soc(H^(M)) then 
Soc(M) ^ Soc(K) + Soc(H^(M)). Let x be a uniform element 
in Nr\H^^j^(M) and y be a predecessor of x in H (M) 
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then y + z ^ K A H (M) fo r some z e S o c ( M ) . Let 
y + z = ueKnHj^(M) then xR = Hj(yR) = Hj^ ( uR) S N n H ^ ( K ) . 
As N i s h - n e a t in K t h e r e i s a p r e d e c e s s o r t of x 
in N such t h a t t - u £ S o c ( K ) . Let t - u = z ' , then as 
Soc(K) = Soc(N) + Soc(H^(K)) fo r a l l n we may take 
z ' £ S o c ( H ^ ( K ) ) . Now y+z+z' = u+z' = t e N n H ^ ( M ) . Hence 
by theorem 5 . 2 . 4 N i s k e r n a l of h - p u r i t y . 
5 .4 SOME FURTHER RESULTS 
The main purpose of t h i s s e c t i o n i s to see the converse 
of c o r o l l a r y 5 . 3 . 3 , P . H i l l and C. Megibben [ l 7 ] gave the 
s o l u t i o n f o r the converse of t h i s r e s u l t f o r pr imary abe l i an 
g r o u p s . Here we s h a l l c o n s i d e r i n g t h i s problem fo r QTAG-
module. I t i s we l l known t h a t the homomorphic image of 
h - d i v i s i b l e module i s h - d i v i s i b l e . Hence by v i r t u e of 
p r o p o s i t i o n 1 . 1 . 7 , t h e fo l lowing i s e v i d e n t . 
LEM/yAA ( 5 . 4 . 1 ) : If N i s a submodule of a QTAG-mbdule M 
and M/K i s h - d i v i s i b l e fo r e v e r y complement K of N in 
M, then M/T i s h - d i v i s i b l e f o r every complement T of any 
submodule U of M. 
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Now as an a p p l i c a t i o n of theorem 5 . 1 . 4 we give the 
f o l l o w i n g , though proved e a r l i e r theorem 4 .2 .17« 
THEOREM ( 5 . 4 . 2 ) : I f M i s a QTAG-module and S i s a 
subsoc le of M such t h a t Soc(M) = S + S O C ( H ^ ( M ) ) f o r 
every k 2 0* Then t h e r e e x i s t s an h -pure submodule N 
of M such t h a t S = Soc(N) and M/N i s h - d i v i s i b l e . 
PROOF; Let N be maximal with r e s p e c t to Soc(N) = S, 
then as proved in theorem 4 . 2 . 1 7 , N i s h - n e a t in M. 
Therefore by theorem 5 . 1 . 4 N i s h -pu re submodule of M. 
As done in theorem 4 . 2 . 1 7 M/N i s h - d i v i s i b l e . 
As a consequence of theorem 5 . 4 , 2 , we g e t the 
fo l lowing r e s u l t proved by I.M. I rwin [6] f o r t o r s i o n 
a b e l i a n g r o u p s . 
COROLLARY ( 5 . 4 . 3 ) : I f M i s a QTAG-module and N i s a 
submodule of M , then every complement K of N i s h-pure 
in M and M/K i s h - d i v i s i b l e . 
PROPOSITION ( 5 . 4 . 4 ) : I f M i s a QTAG-module and N i s a 
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submodule of M, then M/K is h-divisible for every 
complement K of N in M if and only if Soc(N)CM-'^. 
PROOF; If Soc(N)QM^, then by above corollary 5.4.3 
M/K is h-divisible. Conversely, suppose Soc(N)^M , 
then there is a uniform element x€Soc(N) such that 
x^M . Now appealing to theorem 4.2.16, we get M = A (J) T 
such that Soc(A) = xR and A is a uniform submodule of 
finite length. Trivially T is a complement of xR. 
Hence by lemma 5.4,1 M/T is h-divisible which is not 
possible. Therefore Soc(N)CM . 
Now we intend to give a solution to the question: 
'Is the condition of h-purity of N in M is 
corollary 5.3.3 necessary ?• 
Now we show that h-purity of N can be replaced 
by h-neatness of N in M. In [lO] it has been done for 
primary groups, 
PROPOSITION (5.4.5): If K is a submodule of a QTAG-module 
M and S is a subsocle of M such that SCSoc(K), then 
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K / S i s a complement of Soc(M)/S in M/S i f and only if 
Soc(K) = S and K i s h - n e a t in M. 
Now we g ive the fo l lowing c h a r a c t e r i z a t i o n which 
g e n e r a l i z e s in [ l O , Theorem l O ] . 
THEOREM ( 5 . 4 . 6 ) : I f K i s an h - n e a t submodule of a 
QTAG-module M then M/K i s h - d i v i s i b l e i f and only i f 
Soc(M) = Soc(K) + Soc(H^(M)) f o r every n ^ 0 . 
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